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(i) 


ABSTRACT 


Since the discovery of Gibbs phenomenon by H . Wilbraham 
(1848) and the Lebesgue constants by H. Lebesgue (1906), their 
behavior has been studied extensively under many summability methods 
in the one dimensional case. However, very little has been done in 
the two dimensional case, This Dissertation extends this modest 
beginning in the two dimensional case, comprising a study of the 
Gibbs phenomenon and Lebesgue constants for the Hausdorff method of 


summability. 


In Chapter 1, by means of a constructive proof, we prove 
that to investigate the Gibbs phenomenon for an arbitrary function 
of two variables, of bounded variation in the sense of Hardy-Krause, 
it is sufficient to investigate it for one such function. Two such 


functions, suitable for such investigation, are actually given. 


In Chapter 2, we apply the Hausdorff means to the Fourier 
series of one of the two functions constructed in Chapter 1, and give 
an explicit expression, in terms of an integral involving the Hausdorff 
weight function in the integrand, for the limit superior of the sequence 
of Hausdorff transforms of the partial sums of this series at a point 


of discontinuity. 


Chapter 3 deals with the Fourier-Stieltjes transform in two 


dimensions, and leads to the proof of the result that 
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n,m oe 2 
: sin su sin tv dg(u,v) |dsdt = o(log m log n), 
l 0,90 : 

3 


m,m => 00 9 


whenever g(u,v) is of bounded variation and has mo mass points bounded 


away from the coordinate axes. 


In Chapter 4, we apply the results of Chapter 3 in an 
investigation of the Lebesgue constants for the Hausdorff means in two 


dimensions, and show that these constants are given by 
c(g) log m log n + o(log m log n) , myn 0 , 


where c(g) is a constant that depends only on the mass points of the 


Hausdorff weight function g(u,v) . 
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FOREWARD 


In the presentation, we follow the practice of numbering the 
lemmas and theorems for which originality is claimed, and leaving those 


taken from existing literature unnumbered. Thus 


(3.12) Theorem 3 


refers to a theorem for which originality is claimed, On the other 


hand, 
(3.1) Theorem 


denotes a theorem the proof of which already appears in the existing 


literature, 


If one were to select the highlights of the Dissertation, 
these would probably include all the results of Chapter 1, Lemma 3 
in Chapter 2, and the proofs of Theorems 2, 5 and 6 of Chapter af 
together with the remarks (3.17). The remainder of the material, 
although equally challenging in many respects, is more of a computational 


mature, 


Although the general approach was motivated by the analogue 


in the one dimensional case, the work in Chapter 1 may be classed as 
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original in its entirety. The work in Chapters 2, 3, and 4, although 
clearly more complex than the corresponding work in the one dimensional 
case, is patterned after the work of 0. Szasz [10], A. Zygmund [15], 
and L. Lorch and D. J. Newman [8], respectively. We have patterned 
many of their ideas to the two dimensional case, and apologize for 


the insufficient recognition given them in the sequel, 
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CHAPTER 1 


Gibbs Phenomenon for Functions of Two Variables 


Silks 


Gibbs phenomenon, which concerns the non-uniform convergence 
of the partial sums of the Fourier series of a function in the neighbor- 
hood of a jump discontinuity, was discovered by H. Wilbraham [13] in 
1848, It has been studied very extensively in the case of functions 
of one variable, and the reader is referred to the author's M, Sc. 
Thesis ([11] for a partial bibliography, In the multi-dimensional case, 
however, very little appears to have been done. In fact, to our 
knowledge, there is only one published account of an investigation of 
Gibbs phenomenon in the multi-dimensional case, that being by Cheng [4] 


for two dimensions. 


In the one dimensional case, it is well known that to study 
the Gibbs phenomenon for the class of functions of bounded variation 
which have no removable discontinuities, it is sufficient to study 
one such function, It is possible that the lack of an analogous 
result in the two dimensional niee has prevented wider investigation 
of the phenomenon in this case. For the class of functions which are 
of bounded variation in the sense of Hardy-Krause, we show that the 
analogous result does hold, We remark that this result obviates the 


need of some of Cheng's work. We begin with a few preliminaries, 
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(1.1) Definition 


Let {¢€,} be a sequence of positive numbers such that 


lim € =o, and let (P.} be a sequence of natural numbers such 
n —- 0 
that lim p =~, Let {s (x)} be a sequence of real valued functions 
no n 
defined for o < |x-x |< ¢ . Then 
fo) n 


lim sup s_(%) = lim sup {s_ (x): m>p,, o< |x-x, | < e.) 
n-©o k —0© 
x 7x 

fo) 


lim inf s(x) = lim inf (s(x): m>p,, o< |x-x,, | < EJ 
n--© k — © 


x 7X 
oO 


(1.2) Definition 

If the sequence {s_(x)} converges pointwise to a limit 
function f(x) for o< |x-x,, | <ne wae then {s_(x)} is said to 
exhibit the Gibbs phenomenon at x = Xo if one or both of the following 


inequalities hold. 


lim sup s (x) > lim sup f(x) 
n—-o 4 x 7X 
x 7X 5 

fe) 


lim inf s (x ) < lim inf f(x) 
n-?>o z x 7X 
x —~7X : 
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(1.3) Definition 


By the Gibbs ratio for the sequence {s_(x)} » we shall 


mean the real, positive number defined by 


lim sup s_ (x) - lim inf s_(x) 
x 7x x >X 
cae o 


lim sup f(x) - lim inf f(x) 
xX, xX, 


(1.4) Definition 


A function f(x) is said to be normalized if, for all x 


in the domain of definition of f(x), we have 


f(x) = 5 (£(x*) + £(x")) 


Let F be the class of all normalized functions of bounded 
variation. For fe¢eF, let {s_(x)} be the sequence {s_(£3x)) : 
where s_(£5x) is the n-th partial sum of the Fourier series of 
f(x) . To study the Gibbs phenomenon for an arbitrary feF , it is 
sufficient to study it for a specific function in F . For let feF 


have a discontinuity at x with f(x.) - f(x) = £+0, and let 
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Then the function 
h(x) = £(x) - 4 o(x-x ) 
mt oO 


is continuous at x = x, The Fourier series corresponding to h(x) 
must then converge uniformly to h(x) in some neighborhood of x? 
and so its partial sums cannot display the Gibbs phenomenon there, 
The Gibbs phenomenon for f(x) must then be the same as the Gibbs 
phenomenon for the function é ~(x-x ) » from which it follows that 
to study the Gibbs phenomenon for f(x) , it is sufficient to study 


it for the function (x) . 


We have the corresponding definitions in the two dimensional 


case, 


(1.5) Definition 
Let fe} and {p,) be the two sequences defined in (1.1), 
and let {so n(*¥)) be a sequence of real valued functions of two 
3 
variables defined for o< |x-x, | + bey <¢,. Then 


lim sup s_ (x,y) 
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(1.6) Definition 


If the sequence {s, ne) ) converges pointwise to a limit 
3 
function f(x,y) in the region o < |x-x, | + Pied <eé, then 
fe, ni%¥)) is said to exhibit the Gibbs phenomenon at (x ¥,) if 
3 


one or both of the following inequalities hold, 


lim sup s, n(*¥) > lim sup f(x,y) 
3 
m,n 0 (x,y) 7 (x,,9, 
(x,9) > (x,5y,) 


lim inf s (x,y) < lim inf f(x,y) 
men = (5), talX ody 


(x,y) 9 (x), Y,) 


(1.7) Definition 


By the Gibbs ratio for the sequence (sy ni*¥)) , we shall 
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mean the real, positive number defined by 
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In the sequel, we will also need the following: 


(1.8) Definition 


Let R denote the real line. By a cell [4 3b 34,b,] in 


R.X.R\, a5 > a, > b> b we shall mean a rectangular point set, 


2 Be 
the rectangle being determined by the points (a,,b,) : (a,,b,) ; 
(a,,b,) and (a,,b,) . In particular, a cell may be closed 
[a,,b,3a,,b,] , open (a,,b,3a,,b,) , or half open (a,,b,5a,,b,] 
or [a,,b,34,,b,) 3 and one or more of the coordinate numbers 
a_,b b, may be taken infinite. 
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(1.9) Definition 


By f(x 


39 Vn 3% 991) we shall mean the real number defined by 


£(x,,95) a £(x,,y,) oar £(x,,Y5) + £(x,,y,) S 


where the coordinates are all assumed to be such that £(x,,y 5) 2 

i,j = 1,2, is meaningful. If, for all points (x,,¥p) ; (x,,y,) : 
in the domain of definition of f(x,y) , £(x5,¥5 5%, ¥,) >o whenever 
x, >x, and y,>y,, we shall say that f(x,y) is positively 


monotonic. 
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(1.10) Definition 


A function f(x,y) is said to be normalized if, for all (x,y) 


in the domain of definition of f(x,y) , we have 
1 + + - - - 7 
f(x,y) = 5 (£(x",y”) + £(x",y) + £(x yy") + £(x,y")) 5 


and if one of the coordinates is fixed, say x is fixed, then 
1 ip ds 
f(x,y) = 5 (f(x,y) + f(x,y )) . 


(1.11) Definition 


Let f(x,y) be defined on the cell [a,,b,3a,,b,] Rr es reer 


b, <b, , and let (x, }° : iv), be two sequences such that 


a, =X, < x) oe Fy x17 8p» db, may < yy Castel fae b, » and form 
the sum 
m,n 
7 [E(x 5%, FG) | . 
i, j=l 


If for all such partitions, this sum is uniformly bounded and if M is 
the least upper bound, and if for some fixed y , resp. fixed x , 

f(x,y) is a function of bounded variation of the variable x, resp. y , 
(x,y) € [a,,b,3a,,b, ] , then f(x,y) is said to be of bounded variation 


on the cell [a,,b,3a,,b,] , and M is its total variation. 
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Definition (1.11) is said to be of bounded variation in the sense of 
Hardy-Krause. Such a function can always be expressed as the difference 
of its positive and negative variation functions, and hence as the 
difference of two non-negative, positively monotonic functions, these 
functions being positively monotonic in each variable separately. For 
an account of the many ways of defining the variation of a function 


of two variables, the reader is referred to Adams [2]. 


Throughout this dissertation, whenever we speak of the 
variation of a function, we will mean variation in the sense of Hardy- 
Krause, although explicit mention of this will often not be made in 


order to avoid repetition. 


Now let F be the class of normalized functions of two 
variables, periodic in each variable. For fe¢F, let (8, g(fs*,y)) 
be the sequence of partial sums of the Fourier series of f(x,y) . 

It is natural to ask, as in the one dimensional case, whether it is 
sufficient to study the Gibbs phenomenon for a specific function in 
order to get an understanding of its behavior for an arbitrary feF., 
In general, the answer is negative. But for functions of bounded 
variation in the sense of Hardy-Krause, which have no removable 


discontinuities, this turns out to be the case; 


(1.13) Theorem 1 


Let f(x,y) be a normalized function, periodic in each variable, 


and of bounded variation in the sense of Hardy~Krause in the period 
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rectangle, The Gibbs phenomenon for f(x,y) at the point (x,y) = (0,0) 


is the same as the Gibbs phenomenon for the function 
Cc 
V(ESx,y) = ZS O(x)-o(y) + 8, (0) (x) + 8,(o) oly) 
1 


where 


g(t) =0, t=O 


; Utat jin, Ont. <r 
O(t+ekr) = P(t), k=+l1, +2, + 3, ... 


Com £(o", one Oly o ) , 


a(y) = + (£(o*,y)'- £(6",y)) - £ san y 
g(x) = + (£(x,0*) - £(x,0°)} - Lsenx . 


(1.14) Corollary 
To study the Gibbs phenomenon for an arbitrary function of 
bounded variation, having no removable discontinuities, it is sufficient 


to study it for the functions (x), (y) and 9(x)-p(y) . 


(1.15) Remarks 


By a translation of the axes, it follows that restricting the 
statement of the theorem to the origin does not restrict the generality 


of the result. Also, if the difference functions 
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f(x,o°) = £(x,o') 
+ = 
£(o',y) - £(o ,y) 
are continuous at the origin, then c =O and 
v(£3x,y) = 8,0) (x) + 8,(o) oly), 


If, in addition, f(x,y) is continuous along one of the two axes, say 


O, and 


the x-axis, with the exception of origin, then 8, (x) 


W(£3x,y) = B,(0) Ox) . 


In both these cases, the Gibbs ratio is easily shown to be 


In general, however, the expression for the Gibbs ratio does not 


reduce to this simple form. 


If the partial sums of the Fourier series of f(x,y) are 
transformed by a regular, linear summability method, then the transformed 
sequence will display the Gibbs phenomenon if and only if the transforms 
of the partial sums of at least one of the functions 9(x), 9(y), 
~(x)°p(y) display it. This follows the observation that regardless of 
the signs of 8, (0), 8(0) and c , there is always one quadrant in 


which the terms g, (0) (x), 8,(0) o(y) and Pa ae g(y) are either 
1 


all positive or all negative sufficiently near the origin. 
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In general, for ordinary convergence, the "overshoot" is not 
of the same magnitude as the “undershoot". For although there is always 
one quadrant in which the terms comprising wW(f;x,y) are either all 
positive or all negative, there are never two quadrants, one in which 
they are all positive, and another in which they are all negative, 


unless c=0Q0, 


Sue, 


Proof of Theorem l 


We assume that f(x,y) is periodic, of period 2n in each 
argument, normalized, and of bounded variation. These assumptions imply 
that f(x,y) has no removable discontinuities, and that the discontinuities, 
if any, are all along lines parallel to the coordinate axes. If there 
is one such discontinuity, a translation of the coordinate axes will 
bring it to the origin, hence there is no loss of generality in restricting 


the discussion to the origin. We consider the four possibilities. 


Case 1 f(x,y) is continuous at the origin, In this case, the Fourier 
series of f(x,y) converges uniformly to f(x,y) in some neighborhood of 
the origin, and so its partial sums cannot exhibit the Gibbs phenomenon 
there. See the corollary (A. 23), Appendix. In this case we have 

g, (0) = 8, (0) =c =0Q, so that by the theorem, the Gibbs phenomenon for 


f(x,y) is the same as the Gibbs phenomenon for the function Y(f;x,y) =O. 
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Case 2 f(x,y) has a discontinuity along one of the coordinate axes. 
To be definite, assume that the discontinuity is along the y= axis and 
that, excepting the origin, it is continuous along the x-axis. This 
would be the case, for instance, if f(x,y) = n-x in the period cell 
(2n,22;0,0) . The discontinuity of f(x,y) is then such that the 


difference function 
+ - 
m8, (y) = £(0°,y) - £(o ,y) 
is a continuous function of y. 


We define the function (t) as follows: 


(1.16) p(t) 
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Hence h(x,y) is continuous in some neighborhood of the origin and so 
the partial sums of the Fourier series of h(x,y) present no Gibbs 
phenomenon there. Noting that the k-th term of the Fourier series 
of a finite sum of functions equals the sum of the k-th terms of the 
Fourier series of the individual functions, it follows that the Gibbs 
phenomenon for f(x,y) is the same as the Gibbs phenomenon for the 


function 
(1.17) y(£;x,y) = O(x) Bly) 


Since h(x,y) is continuous along the y axis, the jump of 
wv(f;x,y) across the y axis is of the same magnitude and the same sign 
as that of f(x,y) at every point (o,y) . Expanding w(f;x,y) ina 


Fourier series, we have 
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where we have used the known result from the one dimensional theory for 
the first series, and the continuity of the function g, (y) for the 


second, The Gibbs ratio is given by 
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sin t sin t 
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Hence f(x,y) displays the Gibbs phenomenon along the line of discon- 


tinuity x= 0, with the Gibbs ratio at every point (0,y) given 
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are both continuous. This is the case, for instance, if f(x,y) = 
Qn - (x+y) in the period cell (2mx,2n2 0,0) . In this case we consider 


the function 


n(x,y) = £(x,y) - (x) By(y) - oly) ep(x) , 


where (t) is defined by (1.6). To show that h(x,y) is continuous 


along the coordinate axes, we have 
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by (1.19). Hence h(x,o') = h(x,o) = h(x,o) , where again the last 
equality follows from the observation that h(x,y) is a sum of normalized 


functions, and is hence normalized itself. Similarly, 
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origin follows. Hence the Fourier series of h{x,y) present no Gibbs 
phenomenon there, so that the Gibbs phenomenon for f(x,y) is the same 


as for the function 


(1.20) w(£;x,y) = O(x) 8,(y) + Ply) g(x) 
Then 
ao wo io¢) 199) 
Oe \° sin (2k-1)x °° \" ify sin (2k-l)y \' ifx 
W(fix,y) ~ hel > c ye v aa & dye 
k=1 = k= =0O 
and 
m n n m 
ae \ sin (2k-1)x \" ify sin (2k-l)y \" i gx 
Boat Ws Soy) =) 2k-1 ) ee oo ar ek-1 is a, 
k=1 -n k=] -m 


At the origin, the Gibbs ratio for the function y(fjx,y) , and hence 


also for the function f(x,y) , is given by 
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(1.21) {g, (0) sgn g,(o)+8,(0) sgn g(o)} 


where again we have used the continuity of the functions 8, (y) and 


&(x) » and the known behavior of the partial sums of the Fourier series 


ef =9(0). 
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Case 4 f(x,y) is discontinuous along the coordinate axes, and the 
normalized difference functions 8, (y) . 8, (x) , defined by (1.19) 
are both discontinuous at the origin. This is the case, for instance, 


if we take f(x,y) = (x-x)(a-y) in the period cell (2n,2n; 0,0) . 


We observe that g, (y) and 8, (x) are either both continuous, 


or both discontinuous at the origin, for 


(1.22) mg, (07) = mg, (0°) f(O ob ettlo 0 fo £(07,0,) t+ £(07,0.) 


f(o’,0'% 0,0) 


+ = 
m8,(0°) - t8,(0 ) . 
Hence the present case is the only remaining case to consider. 


As before, our aim is to give the construction of a new function, 

in some sense simpler than the original function f(x,y) , such that 

this new function will exhibit the same Gibbs phenomenon at the origin 

as f(x,y) , and such that the discontinuous components of this new 
function will be specified in terms of known, discontinuous functions, 

To this end, we start with the definition of g, (y) and 8, (x) as 

given by (1.19), noting that now these functions are discontinuous at 

the origin, the discontinuity consisting of a simple jump in the amount 


of : f(o',o's 0,0) , by (1.22). 


We decompose g, (y) and 8, (x) into continuous and dis- 


continuous components as follows: 
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(1.23) gi(y) = etly) + oy) S 
Tt 
Bo(x) = ef(x) + p(x) 


= 


where gi (y) and 85x) are now continuous at the origin, and 9(t) 


is defined by (1.16). Now as a normalized function, 
(1.2) b(t) = (x,y) - oly) B5(x) 


is continuous in some neighborhood of (0,0) , except along the y axis. 
To see this, we note that the continuity of h, (x,y) in each of the four 
quadrants, excluding the axes, is implied by the assumed conditions on 
f(x,y) and the obvious continuity of oy) 8, (x) . Along the x axis 


we have 


h, (x,0") + h,(x,0 ) = £(x,0') gs £(x,o ) ™ 18, (x) 


= O 
by (1.19), so that h, (x,y) is continuous along the x axis. 
Next, we consider the difference function g, (hy sy) » where 
° a + ps ‘< 
(1.25) mg, (hy 5y) aa hj (0 sy) h, (0 sy) 2 


This function is continuous at the origin, and so as a normalized 


function, 


h(x,y) = h, (x,y) # p(x) 8 (h, sy) 
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is continuous along the y axis, and so also in some neighborhood of 
the origin, We shall prove this after putting h(x,y) into a more 


‘convenient form, By(1.23), (1.24) and (1.25) we have 


h(x,y) = £(x,y) - o(y) gy(x) - P22 (£(0%,y) - oly) 8,(0*) 
- f(0 ,y) + Oy) g,(0 )} 


f(x,y) - p(y) a(x) - ofy) O(x)  - (x) sty) 
Tt 


- (x) oy) S + (x) oy) + + (e,(0*) - 8,(07)} 
8 


£(x,y) - o(y) akix) - o(x) st(y) - o(x) oy) S , 
14 


where 
+ - = 


We prove that h(x,y) is continuous in some neighborhood of 
the origin. Its continuity in each of the four quadrants, excluding the 


coordinate axes, is clear, Along the x axis, we have 


h(x,0*) = h(x,07) = £(x,0*) - £(x,0°) - G+ ¥) af (x) 


9(x) {et(o") - ef(0")} - o(x) = 


u 


ney(x) - ag3(x) - x9(x) 
8 


by (1.19) and (1.23). Hence, using also the normality of h(x,y) , we 


have h(x,o') = h(x,o) = h(x,o) . A similar calculation shows that 
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h(o’,y) = h(o,y) = h(o,y) . 


For oblique approach to the origin, we have 


Hio',o |) = £(o fo) - g5(0") - = gi(o") = in 
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Hence h(x,y) , as a normalized function, is continuous at the origin, 
and its Fourier series can show no Gibbs phenomenon there. The Gibbs 


phenomenon for f(x,y) must then be the same as for the function 


(1.26) v(£sx,y) = o(y) as(x) + (x) ay) + 0x) oy) S . 
1 


Now let £, (x,y) be a function such that for the oblique 


approach to the origin, we have 


£,(o=,0-) = £(o-,0-). 


and such that the continuous components of its difference functions (1.19) 


are constant: 


83 (£15) = Bjvf,30) = 3,0) 


gi(f,50) = ey(o) . 
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It is clear that £5 (a, of; 0,0) = f(0',0°; 0 jo) =c. We let 


wltx,y) - ¥(£,5x,y) = O(y) {eg(x) - gS(0)) 


+ 9(x) (et(y) - ef(o)} . 


This difference function is continuous at the origin, this continuity 
being implied by the continuity of the functions g(x) and gi (y) 
there. Hence the Gibbs phenomenon for y(£,5x,y) must be the same 
as the Gibbs phenomenon for ~W(fjx,y) , and so the same as for the 


function f(x,y) . 


Finally, we define 9, (t) as follows: 
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Gibbs phenomenon for V, (£,3%,y) there must be the same as the Gibbs 


phenomenon for f(x,y) . 


We complete the proof of Theorem 1 by dropping the primes 
and subscripts in (1.27), except for the subscripts on 85 (0) and 


gi (o) , and noting that 


u 


8, (y) 7 Py) 3 


gi(y) 
= = (£(0",y) - £(07,y)} - & seny 


af(x) = e5(x) - (x) S 
1 


1 + - Cc 
== {f(x,o ) - f{x,o )} = 5 sen x . 


(1.28) Remarks 


We observe that if the difference functions (1.19) are 
continuous at the origin, then c =O and (1.26) reduces to (1.20). 
If, in addition, one of the two difference functions, say 8, (x) sad 
identically zero in some neighborhood of the origin, then in that 
neighborhood (1.20) reduces to (1.17); and if both differences functions 
are identically zero, then (1.17) reduces to zero identically in some 


neighborhood of the origin. Hence our results are consistent. 
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CHAPTER 2 


Gibbs Phenomenon for the Hausdorff Means of Double Series 


§ I. 


Using the known results from the one dimensional theory, by 
the corollary (1.14), it is clear that for ordinary convergence, a 
function £(x,y) » Of bounded variation and having no removable 
discontinuities, will always exhibit the Gibbs phenomenon at a point 
of discontinuity. If, now, we express f(x,y) by its Fourier series, 
form the sequence (8, (£39) ) of partial sums of this series, and 
then apply a summability method to this sequence, it is natural to ask 


whether the transformed sequence will also exhibit the Gibb phenomenon. 


For the one dimensional case, this question has been 
answered for a large number of regular summability methods. For the 
two dimensional case, to our knowledge this question has been studied 
only for the circular Riesz means. The interested reader is referred 
to Cheng [4]. We remark that Cheng's investigation was under a some- 
what more restricted hypothesis than that now allowed by Theorem 1 of 
Chapter 1, in the sense that he limited his investigation to functions 


which factorize: 


f(x,y) = £, (x) ° £,(y) e 
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In this chapter, we establish some preliminary results 
pertaining to the study of Gibbs phenomenon for the Hausdorff means 
of double series, The work is a natural extension of the work of 
Szasz [10] for the one dimensional case. We use some of his results, 


and follow him in the manner of approach. 


(2.1) Definition 


A summability method is said to be regular if it sums every 


convergent sequence to its proper sum. It is said to be totally regular 


if, in addition, the transformed sequence diverges to infinity whenever 


the original sequence does, 


(2.2) Definition 


Let {s_J be a given sequence, The Hausdorff transform of 


this sequence is the sequence fh) » where 


bh» ye ry of. (Leu) atu) 
k=o 


The transform is regular if and only if g(o) = g(o") , g(1) - g(o) =1 


and g(u) is of bounded variation. 


(2.3) Remarks 


For convenience, we take g(o) =0, sothat g(1)=1. 
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For a detailed discussion of the Hausdorff transform in the one dimensional 


case, the reader is referred to Widder [12]. 


As we have seen earlier, to investigate the Gibbs phenomenon 
for an arbitrary, normalized function of bounded variation in the one 
dimensional case, it is sufficient to investigate it for one such function. 


We consider the function 


(2.4) v(x) = % (x-x) , Dae ics Oe 
=O, c = 0 
W(x+2kn) = W(x) , Bree lg ey Tose cee! s 
so that 
o0 
W(x) ait 
‘tk=1 
and 


m 

sin kx 

s_(vsx) = ). aoe 
k=l 


We observe that w(x) and s(¥3%) are odd, periodic functions of 
period 2x , and hence to investigate the Gibbs phenomenon for v(x), 


it is sufficient to investigate it in the interval O< x<n. 


For the Gibbs phenomenon for the Hausdorff means of the 


Fourier series of y(x) , Sz4sz [10] obtained the following results: 
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(2.5) Theorem 


Let b(ysx) be the m-th Hausdorff transform of the 


sequence fa (ysx)) . If x 70 and mx, +1 <0 


1 he er 
lie §1n su 
b_(W3x,) > ib i sin st asdg(u) 
Oo 


(2.6) Theorem 
For the Hausdorff means h (vs) ‘ 
: sin T 
lim sup h (v3x) = max i {l-g(u) } acme du . 
re) o 


moo 1 Es 
x —0O 


If this maximum is attained for T = Tos then 


lim sup h (sx) = lim hi(wsx pe 
m0 mx “~T 
x x, m o 


We seek to extend these results to the two dimensional case. 


(2.7) Definition 


Let {s 0) be a given double sequence. The Hausdorff 
3 


transform of this sequence is the sequence fh ) » where 
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The transform is regular if and only if g(o,v) = g(o',v) = g(u,o) = g(u,o’),: 


g(1,1) - g(o,o) = 1, and g(u,v) is of bounded variation. 


(2.8) Remarks 


As in the earlier case, for convenience we take g(o,0) =Q, 
so that g(1,1) = 1. We give a brief, expository development of some 
of the theory of the Hausdorff means for double sequences in the Appendix, 
For the original developement of these means, the reader is referred to 


Adams [1] and Hallenbach [5]. 


By the corollary to Theorem 1 of Chapter 1, to study the Gibbs 
phenomenon for an arbitrary, normalized function of bounded variation 
in the two dimensional case, it is sufficient to study it for the functions 
V(x) , Wy) and (x,y) = v(x) v(y) , where p(x) is defined by (2.4) . 
As before, it is sufficient to investigate the Gibbs phenomenom for 
O< x,y <x. We will assume these restrictions on the variables x,y 


without further explicit mention. 


We also observe that if g(u,v) factorizes, so that g(u,v) 
= g, (u) 8, (v) , then the transform for the function (x,y) breaks 
down into a product of regular one dimensional transforms, Hence we 


will assume that no such factorization exists. 


We first examine the double Hausdorff means of the functions 


y (x) ’ ¥(y) : 
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(2.9) Theorem 1 


If ha n\¥se) . ha al¥sy) denote the mn-th regular Haus- 
dorff transforms of the functions W(x) , resp. wy) , corresponding 


to the weight function g(u,v) , then 


li 


ba nl ¥s%) hy) 


ha n\¥sy) hy) 


where h (v3) ; ho Wy) denote the m-th , resp, n-th regular, 
one dimensional Hausdorff transforms corresponding to the weight functions 


g(u,1) » resp . g(1,v) ° 


Proof 
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Here we have used the fact that the Hausdorff transform corresponding 


to the weight function g(u,v) is regular, so that dg(u,o) =O and 


g(1,1) = 1, so that, being of bounded variation, g(u,l) is a 
regular Hausdorff weight function for the one dimensional transform, 


This proves half of the theorem, The other half is proved by a parallel 


argument, 
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We now turm to examine the Hausdorff transform of the sequence 


of partial sums of the Fourier series of (x,y) . We have 


0 oo 
(2.15) o(x,y) ~ 2% ya ae ae 
k= fal 
so that 
m n 
: sin kx sin £ 
(2.14) 8 (93%) = y pa ar ) Sager 
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1 y,X sin ie sin we: 
= k [ {-1 vX—_—_—— {-1 + ee dsdt 
0,0 sin: = 8 sin . t 
sin ive x sin (n4z)t 
on r (xy-y ihe ————— ds - x ——_——————_ dt 
1 
fo) sin = s fe) sin 5 t 


y,x sin (mz)s sin (ng)t 
+ —2— —{ 2 sat } 


1 
0,0 sin 5 s sin y t 


Next we prove three lemmas which we will use in the sequel. 


(1.25) Lemma 1 
If g(u,v) is a regular Hausdorff weight function, and 
o(m,nj s,t,u,v) = 0 (st?) , p,q >-1 , uniformly in m,n, u and 


v, andif @ is continuous in u and v,_ then 
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Lh y,xX 
ip [ @(m,n3 s,t,u,v) dsdtd“g(u,v) = 0 (xPtt yitt) 
(@) (@) 


= 0 (xP!) . 0 (yt) 


uniformly in m,n. 


Proof 


Lemma 1 is obvious, 


(2.16) Definition 


We let 
P} sina=u sins , p, cos a = l-u+u cos s 
P5 sin Bf = v sint , P5 COs B = l-v+v cos t 
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(2.17) Lemma 2 


If g(u,v) is a regular Hausdorff weight function, then 
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rr ee 4 , 2 
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Proof 


Since under the given hypothesis, 
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where we have used the definition (2.15). Then 
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where the last step is justified by observing that O < ps8 1. Now 
al¥3) is a regular transform of a bounded sequence, hence 
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This proves the lemma, 


(2.18) Corollary 1 


If g(u,v) is a regular Hausdorff weight function, then 
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(2.19) Corollary 2 


Under the above hypothesis, we also have 


1,1 x,y 
ae sin mo 7d 
ee ie dsdtd g(u,v) = 0 (y) , m=1,2,3,... . 


Corollary 1 follows from (2.12) and the proof of Lemma 2, Corollary 2 


follows from Lemma 2 by observing that 
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by Lemma 1. 


(2.20) Remarks 


Lemmas 1 and 2 are also valid under the less restricted hypothesis 
that g(u,v) is only of bounded variation. The proof of Lemma 1 is again 
immediate. The proof of Lemma 2 requires a minor modification after 


observing that a Hausdorff summability method relative to a weight function 
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g(u,v) takes bounded sequences into bounded sequences whenever g(u,v) 
is of bounded variation. The next lemma, however, is easier to prove 


under the less restricted hypothesis. 


(2.21) Lemma 


If g(u,v) is a given function of bounded variation, and if 
p(njt,v) = O(t?) , p>-1, is continuous in v , and uniformly bounded 


in n,v, then 
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Proof 


Since g(u,v) is of bounded variation, it can be expressed 
as the difference of two positively monotonic functions. Hence without 
loss of generality, we assume that it is already a positively monotonic 
function. Also, since otherwise we could split $(njt,v) into the 
negative and positive parts and treat each part separately, we assume 


that (n;t,v) is non-negative. We write 
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(2.23) VE.) < MPT We), £ = £(nsy,u,v) 

and 

(2.2) a°£(njy,u,v) < MyP*ta°g(u,v) 

where (p+l)M=M' . Thus for each fixed y , there exists a function 


f(nsy,u,v) , for which (2.22) is satisfied, and the variation of the 
sequence of functions {f(njsy,u,v)} is bounded uniformly in n, and 
in fact uniformly for O<y<x, by (2.23) . Hence the sequence of 
Hausdorff transforms, relative to the sequence of weight functions 


{f(nsy,u,v)} , will take bounded sequences into bounded sequences. 


Let (x)} be any non-negative, bounded sequence which 


{Shy 
is independent of y . Again, we assume the non-negative property as 
a matter of convenience only. Relative to the weight function g(u,v) , 


the mn-th Hausdorff transform of this sequence is given by 
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We state the result in a theorem. 
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This completes the proof of Theorem 5 , 


We combine Theorem 1 of Chapter 1, Theorems 1 and 5 of the 
present chapter, and the theorem due to Szasz given in (2.6), and obtain 


the following 


(2.44) Theorem 6 


If f£(x,y) is a 2n-periodic function of bounded variation in 
the sense of Hardy-Krause, with a discontinuity at the origin, and if 
Ran its%sy) denotes the mn-th regular Hausdorff transform of the 
sequence of partial sums of the Fourier series of f(x,y) , relative 


to the Hausdorff weight function g(u,v), then 


1,1 sin Tu sin TV 
i Sr tae in ee g(1,l;u,v)dudv 


‘ S hs 
lim sup be nits*¥) = max { 5 
m,n — 0 iat 
x,y 70 


30 


- x 
v7 aie ogre ake if vt ote ut ole I 
I \ I | 
vou tals: See ae A ee i 
0,9 0,°¢ - 
. e175 
| +" yor 
j : ue Om 


v + ate ut née If, vt ale wv Q ote £,f 
: me Sata \+ vbub(v tg i Wrenape a ‘\ 


vbub(v.u)8 “ 7 


0,0 


vt die wr ate. 1Ln: 
stahdovith J fa $s +~—— \- 
o 


. @ meroonT to toorq of3 estelqmos aldT 


sit io 2 bas I amstoeaT oe sosund to I mexoodT enidmos 3W 


.(&.S) at aovig sass o3 sub morons ers bas ‘idea smoeeia 
"I gntwol fod ori A 


: ey 
{ 


ntsido bas 


—~ 
» 


9 moztoodT Gls) . 

ak noljsizev bsbaved to sottonui stbokrsq-nS 6 2 (yx) 21 
ti bas akghxe eft 38 eshuntineoath s djtiw saueTa-ybreH to sanse oda 
sit ie mrolensr’ BxobavsH xeiuge: d3-nm sad astoneb (YX; 2) att at 


; (vex)2 to asitse teltxvol of3 to eave Tet328q to somoupes ra 


svistsisr 
aoda =. (v.u)a notionut Idgiow iaobewall ods a Re 
vt. ote u,v ate I | | | ; 
prea i)s ae a . 4 xem = (Wet), qua mii 
. 9,a ghey? orga « 
a of YX 
é = Pa ; , 
" on ;o “. } ou iu 
~ i 
‘ > 4 o%) 


- 63 = 


1 sin Tu 1 sin TY 
' a(0) | 7 (6(1,0)-2(0,)}eu4e,(0) | —® . 


: (@(1,1)-8(1,v) jav 


where c, g, (y) and 8, (x) are defined in Theorem 1 of Chapter 1. 
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CHAPTER 3 


The Fourier-Stieltjes Transforms in Two Dimensions 
yall: 


Our main object in this chapter is the proof of Theorem 6, 
which we will need in Chapter 4, This theorem is the two dimensional 


analogue of the following result due to Lorch and Newman [8, p. 288]: 
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satisfied, then g(u) is continuous, and of bounded variation. However 
in stating the converse, one must make an exception at the origin. For 
g(u) may have a mass point at the origin and be otherwise continuous, 
and the above equality will remain satisfied. As we shall see, the 
converse of Theorem 6 is also true if we permit g(u,v) to have mass 


points along the coordinate axes. 


<T 


anol an sa 1 oul ok gorrotene 30 pat: 


Isaotensmib ow. on el mozoent aki? * 
| :[88S .q .8) aemwoM be’ sdoxod o3 one Pte 


7 j 


et yiiisupe svods odd an eutd aay oe aie 
| evewoH ,molsei1ev bihitan ag bas sountage 


to% .akgizo otis 38: notagbdes nb sie ae ver 
i yf 4 HS "A 0 
4 ,avounlIn05: eulwrsrivo sd bas. -nigixo of te 
J hay ne Pa 
era. .9ee [isda ow eA Jboitettes aber 
fl Ht 14 a 
eeam syvesl cr) (v.o)8 atisog ow ah sn oa 


- 65 - 


We begin by giving a development of a few basic properties of 
the Fourier-Stieltjes transforms in two dimensions, This development 
follows closely that given by Zygmund [15, Ch, XVI] for the one dimensional 
case, We could have used some of the results of Bochner and Chandrasekharen 
[3] for the multi-dimensional case, except that, in some sense, their 
results are obtained under a slightly stronger hypothesis. To preserve 
some symmetry, we will, without further explicit mention, deal exclusively 


with the modified transforms, 


(3.2) Definition 


Let g(u,v) be of bounded variation in RXR, where R 


is the real line. The function 


oO 


[o@) 
1 we -i(su+tv) .2 
weoheage fetta a(u,v) 
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is called the Fourier-Stieltjes transform of g(u,v), or the Fourier 
transform of dee(h,v) 
(3.3) Lemma 1 


If g(u,v) is of bounded variation in RXR, then 4(s,t) 


exists and is bounded for all _ s,t 


Proof 


The lemma follows the observation that 
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(3.4) Theorem 1 


If g(u,v) is of bounded variation, then for arbitrary, 


real fixed numbers p,q , g(utp,v+qju,v) is absolutely integrable. 


Proof 


Since g(u,v) is of bounded variation, it can be expressed 
as the difference of two bounded, positively monotonic functions. The 
problem then reduces to proving the theorem for the case where g(u,v) 
is already positively monotonic, so that for p,q >0O, g(u+p,v+qju,v) 


is non-negative. Let 
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g(-~,0) , g(w,-0) and g(-0,-0) , in each of the four regions of 


integration in the last expression, Then 


Pgs (00,005 es ~0) 


lim £(w,5w,) 


Ww, > 


2 


pqV(g) , 


since g(u,v) is positively monotonic. This proves the absolute 


integrability of g(u+p,viqju,v) . 


(3.5) Remarks 


It is also true that for each fixed u, resp. fixed v , 
g(u+p,v+qju,v) is an absolutely integrable function of v alone, 
resp. of u alone. The proof is an obvious simplification of the one 
given above. Assuming that g(u,v) is positively monotonic, the 
integrals are, respectively, qg(u+p,»su,-~) and pg(~,viqj-~,v) , 


where p,q >O. 


(4.6) Theorem 2 


If g(u,v) is a normalized function of bounded variation, 


then 


00 00 ips iqt , 
1 : e* -1} fe * -1 i(su+tv 
SLA a) ox 3 se) ee ne 


oO, =00 


everywhere, 


~ Vv bexit .qgaor . & bexti dose 1 
onols. vy %o nok soaut sldsxgoonk 


sno eal to noiseotitigmbe euolvdo a8 ab 3 


y (ees sncita bas ace 


Tbs 


i 
g 4 iii } 


- 68.= 


Proof 


For fixed p,q , we have 
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Since g(u,v) is of bounded variation, g(u+p,viqju,v) 7O as 
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where the last equality follows by the preceding remark, Then 
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(3.7) Q(s,t) is = it 


is the Fourier transform of g(u+p,v+q;u,v), an absolutely integrable 


function of bounded variation in RXR. We set G(u,v) = g(u+p,viqsu,v) , 


and let 
1 pel fetP®_1) fet4_1) 1(sustv) 

Y, ty (u,v) = oe p(s,t) is it e dsdt 

1 -w.,°W 

Boon) 

Ww. ,W 
2°71 0,00 
sips 5 i Cony) i(sxity) say . Usuttv), at 
Pier shea elas 


20,09 lad tok as one 
isnt ot od. = (1-9 *9)(1-*5)( 


Cm , Om 


t me ~ a 


eames ilies 


Me! 


ilies scare sinslenelt “a age 
20a, 0% 


° 


a 


(va4eue)rq te abe 


| Be {ome : 4 


: vbub (wr viper .qtu)g 


=~ 


oldsige2at yiszul Sones ~ wn vypey cee ee rotons tor108 94 


. (Vv urpev qen)g = : (vy v)a 392 oW Axe “ah notzalaay ‘bobavod beaks 


= 7072 


nog Ww yW. ¢ 4 
Cae 5 f G(x,y) if ‘ei{s(u x)+t(v YS tndtaxdy 
(2x) =00, =00 Wey, 


00 , 00 sin w,(x-u) sin w,(y-v) 
ay) ey eat, ee 
me 73, Yee er a 


se ts sin w,x sin w,y 
2 x y 
ni 00, 00 


00,00 . 
~-5 {G(utx,v+y) + G(u-x,v+y) + G(u+x,v-y) + G(u-x,v-y) } 
nm ~%0,0 


sin w,x sin wy 
a eo dxdy ’ 


where the change in the order of integration is justified by Fubini's 


theorem. Making the obvious substitution, we have 
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To complete the proof of Theorem 2, we need a lemma, 


(3.9) Lemma 


If f(x,y) is of bounded variation and absolutely integrable 


in the cell (~,~; 0,0] , then 
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(3.10) Remarks 


For the case where the upper limit of integration with respect 
to each variable is a constant c , O<c<n/e2, and where Wir 
are restricted to vary over the positive integers, a proof of (3.9) is 
given by Hobson [6, p. 705]. The extension of his proof to a proof of 
the lemma as stated here involves only the obvious modifications, and 


we will therefore omit it. 


Now G. y(®¥) » as a finite sum of absolutely integrable 
9 
functions of bounded variation, is itself absolutely integrable and of 


bounded variation. Hence the conditions of (3.9) are satisfied, and 


so, by (3.5), 
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Here we have used the observation that G(u,v) is a finite sum of 


normalized functions, and so is normalized, This completes the proof 


of Theorem 2, 
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(3.11) Corollary 


If g(u,v) is a normalized function of bounded variation in 


the cell (~,w;-0,-0) , then 
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Proof 


In Theorem 2, set u=v2=0O, then p=u and q=v., 


(3.12) Theorem 3. 


Let g(u,v) be a normalized function of bounded variation 


in RXR. Then 
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This completes the proof of Theorem 3, 
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This complets the proof of Theorem 5. 


(3.17) Remarks 


The only place where we used the limits of integration in the 
proof of the above theorem is in (3.16), where we interchanged the upper 
and lower limits of integration with respect to t . It follows that 
the theorem is true if any or all of the limits of integration are taken 
finite, provided that the limits of integration with respect to t are 
symmetric about the origin, and hence provided that the limits of 
integration with respect to one of s or t , or both, are symmetric 


about the origin. 
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easy to prove that 
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for then the proof of (3.19) reduces to a proof of the inequality (3.18). 
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9 q 


Sie: 


We are now ready to prove the two dimensional analogue of the 


theorem given in (3.1). 


(3.20) Theorem 6 


If g(u,v) is of bounded variation in the cell [1,1;0,0] , 


and has no mass points bounded away from the coordinate axes, then 
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Proof 


Since mass points along the axes will clearly not contribute 
anything to the integral in the theorem, we may assume that g(u,v) has 


no mass points, We extend g(u,v) to the entire plane as follows: 
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by a repeated application of the Cauchy-Schwartz inequality for 


integrals, Then by (3.15) 
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(3.21) Definition 


Let g(u,v) be defined in some domain D in RXR. By 
the modulus of continuity in the sense of Hardy-Krause of the function 


g(u,v), we shall mean the quantity 


w(g;6,,5,) = sup (|g (u+d, ,v+5, ;u-6, ,v-5,) | - (usd, ,vi0,) a Del us 


(3.22) Remarks 


It is clear that if g(u,v) is continuous, then w(g38,,6,) 
—O as 848, —0O or if only 5) —-0O or o5 — 0 while the other 
one is fixed. This convergence is clearly monotonic: a, > By 7 


ow, = B, implies w(g3a, ,a,) > (838,585) ° 


Note that the modulus of continuity, so defined, does not 
distinguish between continuous functions and a certain class of 
functions which are discontinuous in the usual sense. Thus if 
g(u,v) = -v, u<0O, g(u,v) =v, u>O, and g(u,v) = 0 when 
u=o, then w(g5, 55.) 70 as 5,,5, 70, but g(u,v) is 


certainly not continuous in the usual sense, 
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since ¢ is arbitrary. This proves Theorem 6. 
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(3.23) Theorem 


If g(u,v) is defined on the cell [1,1;0,0] , and if 


os ke sin su sintv .2 
i | if SS So oes eral” g(u,v)|dsdt = o(log m log n), mn 7m, 

15h 0,0 
then g(u,v) is of bounded variation and has no mass points bounded 


away from the coordinate axes, 


Proof 


The bounded variation is trivial. That g(u,v) may have 
mass points along the coordinate axes and yet the equality holds is 
just as easy to show by example. The remainder of the theorem follows 
from Theorems 2 and 3 of the next chapter, since M{f(s,t)} =O implies 
f(s,t) =O, and this in turn implies that g(u,v) has no mass points 


bounded away from the coordinate axes. 
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CHAPTER }4 


The Lebesgue Constants for the Hausdorff 


Means of Double Fourier Series 


pep he 


The Lebesgue constants for double Fourier series are defined 


by 
hi : 1 
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is the Dirichlet kernel for double Fourier series. It is easy to show, 
in precisely the same manner as in the one dimensional case, that the 
divergence of these constants implies the existence of a continuous, 
periodic function of two variables whoseFourier series diverges at a 
point, and also of another such function whose Fourier series converges 
everywhere, but not uniformly in the neighborhood of some point. We 
call these the du Bois-Reymond singularity and the Lebesgue singularity 


respectively. 
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If the sequence {D, h8rt)] is transformed by some summability 
d 
method and we denote the mn-th transform by K_ n(89t) , then the 
3 


sequence of constants defined by 


4 HH 
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wd jf. re) | mn'8 | 


5 4 


are the Lebesgue constants for that summability method. The divergence 

of these constants implies the existence of a periodic, continuous function 
whose Fourier series cannot be summed by the method at some point, and 
another such function whose Fourier series is summable Rveryunere: but 

not uniformly in the neighborhood of some point. These are, respectively, 
the du Bois-Reymond and the Lebesgue singularities for the summability 


method in question. 


Lorch and Newman [8] investigated the Lebesgue constants for 
the regular Hausdorff means in the one dimensional case and proved the 


following 


(4.3) Theorem 


Let L(mgg) denote the m-th Lebesgue constant for the 


regular Hausdorff method with the weight function g(u) . Then 
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Here u, is the k-th discontinuity of g(u) , and the summation 
extends over all such possibly countably infinite values. M{f(x)} 
represents the mean value of the almost periodic function f(x) . 
Furthermore, 

o<e(s)< 4 vs) , 

a 

O<u<1, and c(g) =O if and only if g(u) is continuous. If the 
method is totally regular so that v{g) = 1, then c(g) = ly if and 
only if the method is ordinary convergence. Also, if g(1) = g(1l-), then 


e(g) < 2/a@ » in which case c(g) = 2/_° if and only if the method is 


of Euler type. 


We seek to investigate the Lebesgue constants for the regular 
Hausdorff means in a similar manner in the two dimensional case. We 
denote by K_ ni8et) the mn-th Hausdorff transform of the sequence 
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We denote the mn-th Lebesgue constant for the Hausdorff means 
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We apply the lemma to (4.6) and obtain 


(4.8) Theorem 1 


If L(m,nj;g) denotes the mn-th Lebesgue contant for the 


Hausdorff means corresponding to the regular weight function g(u,v) ; 
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= O(1) + O(1) log n 


= o(logmlogn), m,n~o., 


Hence the contribution of the second and also of the third term in 
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Proof 


Again, we will prove the first half of the lemma, the proof 
of the second half being essentially the same. We introduce a lemma due 


to Lorch and Newman [8, p. 287]. 
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of Lemma 4, This completes the proof of Lemma 7. 


We collect the results of Lemmas 2 to 7, and state the result 


in a theorem 


(4.26) Theorem 2 
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where the last result follows by an application of Theorem 6 of Chapter 3. 


We write 
f(s,t) = | sin su, sin tv, g(u’,viju, v.)| 
3 i q Od a bebe ke al 
ad 


and define the mean value of f(s,t) by 


1 P5q 
(4.28) M{f(s,t)} = lim = if f(s,t)dsdt . 
Pq 0.0 


P,q 7 & ) 


To prove that the mean value exists, set 


k, 

£.. ,(8t)= | ' » sin su, sin tv, g(u’,viju_,v,) | 

k, £ i g BM gets 
i, j=1 


and 
f(s,t) = fy, g(sst) + gj, (Sot) 


Gg = SUP le, g68ot) | ; 
s,t 


Since g(u,v) is of bounded variation, f(s,t) exists for all s,t , 


and in fact, o< f(s,t) < W(g) . The sum 


ra 
), sin su, sin tv, B(uy,Vi54y5V5) 
oJ 


eS 


rat 


« ak Se ae a o ? 
dein ‘awe 4, Me aie Ee 
. %beb(s,e)2 pot" “- aii ay ane 
6.0% or Pats | Page: 
Pe matt OW ‘ae 
toe ,etaixe sulev neem o3— sem wore = 


+e ee oor vi ate J ple 


“4 


™, Pes <a 


r | ae 2 
Viel ae 8 sea in 5 2 


ee Lie woX asetes (aan ne 


Pat 


CF 


re | oe. ote Pai ie a 4 


- 114 - 


converges absolutely and uniformly in s,t , so that Eng Oo as 
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as k,f—-«., This proves the existence of M{f(s,t)} . 


By (4.28), we write 


q»P | 
/ f(s,t)dsdt = pq M{f(s,t)} + o(pq) , p,q-7™. 
0,0 


> 


Let 
q»P 
h(p,q) = iB f(s,t)dsdt 
0,0 
Then 
2 
Se = £(Psa) = M{E(8,t)} + 0(1) , pq 7% 
and 
al/2 _t/2 ; at/2 i/2 
(4.29) i on £(p,q)dpdq -/ ~~ {M{f(s,t)} + o(1}dpdq 
ter 4 1,1 Pq 


ms * M{f(s,t)} log m log n + o(log mlog n) , mn~-o, 


We examine the second and third integrals in Theorem 2 in the 
same manner and let {u, } and (v,] be an enumeration of the points 
(u, 1) P (1,v,) at which the difference functions g(u,1) - g(u,l) , 


resp. g(1,v) - g(1 ,v) , are discontinuous. We write 
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g(u,1) = g(u,l ) h, (u) + j, (4) 


g(1,v) = Bly) 


bo(v) + 4,(v) 


where hy (u) and h,(v) are continuous parts of the functions on the 


left, and 
$a, 4° 
j, (4) = g(u,,lsu,,1 ) 
usu 
ae, = y g(1,v531",v;) ° 
V.<vV 
j- 
Then 


s 


m 1 
Sin SY fag(u,1) - dg(u,l7)} |ds 
jeeelae (4g(u,1) - ag(w,17))| 


if BAS (any (u) + 45, (0)} [a8 
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m/? £(s) 
= ; ds + o(logm), m-om, 
1 


where we have used the fact that h, (u) is continuous and applied (3.1), 
and then used the obvious substition. Finally, following an argument of 


Lorch and Newman [8, p. 290], 


i £,(s)ds = pM{f, (s)} +/o(p).; Pes. 4 


so that 
P 

£,(p) = 7 [ £,(s)ds = M(f,(s)} +o0(1), p77 

and 
Ly Pes JW? 
fo Apres fate (on) + 0G F 
= = M(f,(s)} + o(log m) , mo , 

Hence 


m 1 : 
(4.30) i | {SBF (dau) - aa(u,17)) [as 


= : M(f, (s)} log m+o(logm), m-o , 


In a similar manner, we obtain 
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nl /2 1 
(4.31) [Vf A ast») - e800») La 


=4 M{f,(t)} log n+o(logn), nm , 


where now M(f,(t)} is the mean value of 


+ - - 
£,(t) = | it tv, tly vote ee 
Then, substituting (4.29), (4.30) and (4.31) in Theorem 2, we have 


(4.32) L(m,n3g) = + {(M(£(s,t)} + = M(e,(s)) + = u(£,(t)) 


1 


+ + \g(1,131 ,1 )|} log m log n + o(log m log n), mn” , 
x 


We state the result in a theorem. 


(4.33) Theorem 3 


Let g(u,v) be a weight function corresponding to a regular 
Hausdorff summability method for double sequences. Let {ussv,) ; {u, } 
and (v5) be, respectively, an enumeration of the mass points of g (u,v) 
in the cells [1,l30,0] , [1,1j0,1 ) and [1,131°,0) . Let M{f} represent 


the mean value of the function f , and let 
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+a." 47 
£, (s) = | ) sin su, g(u;,lju,,1 )| 
i 


f(t) = | 2 tv, 8(1,vj31,v))| 


The Lebesgue constants, L(m,n;g) , for the Hausdorff means corresponding 


to the weight function g(u,v) are given by 
L(mjnjg) = 5 {M{£(s,t)} + = M(£,(s)} + = M(£,(t)] 
oe. By, a 1 xt 2 


+ |g(1,1;17,17) |} log m log n + o(1og m log n), myn 0 , 
9 


§ 4. 


By Theorem 3, it follows immediately that if g(u,v) has no 


mass points, then 


(4.34) L(m,n;g) = o(log m log n) ’ mn7o , 


(4.35) Remarks 


We note, in particular, that (4.34) holds for weight functions 
which may be discontinuous, provided that they have no mass points. This 


would be the class of weight functions for which the modulus of continuity, 
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58, 70. 


w(358,6,) , defined in (3.21), tends to zero as 6 


YS 2a 


That the estimate (4.34) cannot be improved even for the class 
of absolutely continuous weight functions follows as an immediate corollary 


to the following theorem due to Lorch and Newman [10, p. 284]. 


(4.36) Theorem 


Let ¢(m) ~O as m->o, e(m) >O. There exists an increasing, 


absolutely continuous weight function g(u) for which 
L(m3g) 4 o(e(m) log m) , m—70o , 


For let g, (u) and 8,(v) be two such functions. Then for g(u,v) = 
g,(u) * en(v) , 

L(m,njg) = L(msg,) » L(njg,) 

y£0(8(m,n) log m log n) , mn70o , 
where 6(m,n) = e(m) e(n) 7~O as mn—-o, 


Going back to Theorem 3, 
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Hence 
; + +, - 8 
M{f(s,t)} < ). M{ |sin su, sin tv, |}is(uy,visuy.v,) | 
i,j 
4 + +, -  - 
= 4 Vv. 
2 ' Jeu ,visuy, ;)! 
1,J 
4 
ime WS) ie 
1 
Similarly, 
M(E,(s)} < = v(s) 
ivgccce,. x 


M{f,(t)) < = Wg) . 


Hence by Theorem 3, taking (4.34) into account, and noting that also 


iiGhy be Reg Oy aS Vig) , we may write 


(4.37) L(m,njg) = c(g) log m log n +- o(log mlogn) , mn70, 
where 


e(s) = 5 (M{E(s,t)} + 2 m(e,(s)} + = me, (t)} 
+9 ' 


\ pea 
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and 0 < c(g) < (2/x)" v(g) . In particular, if g(u,v) is positively 


monotonic, then V(g) = 1 and 0 < c(g) < (2/x)" : 
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If the summability method corresponds to ordinary convergence, 


then g(u,v) = 0 unless u=ve=1. In this case, 


M{f(s,t)} = M{ |sin s sin t|} = + 
x 

M(£,(s)} = M{|sin s|} = = 

M(f,(t)) = M{|sin t|} = = 


so that e(g) = (2/n)* . Conversely, if g(u,v) is positively monotonic 
and c(g) = (2/x)* » then each of the terms in the, definition of c(g) 
must contribute a maximal amount, so that g(1,1;1,1 ) = 1, and the 
method is ordinary convergence. Hence of all the Hausdorff summability 
methods with positively monotonic weight functions, c(g) = (2/x)* ity 


and only if, the method is ordinary convergence. 


Now consider the class of all positively monotonic weight 


functions for which the difference functions 


g(u,1) << g(u,l ) 


g(1,v) - g(1 ,v) 


are continuous, so that g(u’,lju,1”) and g(l,v'3l1,v.) are identically 
zero, Then, taking the remarks (4.27) into account, 0 < c(g) < 4 /x* . 
and c(g) = l/s’ if, and only if, the method is of the Euler type. We 


prove the last assertion. To do this, we introduce two lemmas, 
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(4.38) Lemma 


If L (esr) denotes the m-th Lebesgue constant for the Euler 


means of order r, O<r<l1=, in the one dimensional case, then 


L (est) = 5, log m + o(log m) , m—7o , 
1 
(4.39) Lemma 
If a,,>0, and if at least two of the a,,'s are distinct 


ij ij 


from zero, then 


4 
mf) ary sin su, sin evs } Sa8 a5 - 
i,j 


1,5] 


The first lemma is due to Livingston [7, p. 312] , where we have sacrificed 
some of the precision that his result permits. The second lemma is the 

two dimensional analogue of the corresponding result of Lorch and Newman, 
[8, p. 290] , for the one dimensional case, Since the extension of their 
proof to the two pamenai cual case requires no modification, we omit the 


proof of (4.39). 


If, now, g(u,v) is a Hausdorff weight function of the Euler 


type, then g(u,v) = g, (u) 8, (v) , where 


g(t) =0, O<t<r, 


where O< v, <1 vs i=1,2 . Then 
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(4.40) L(m,n;3g) 


il 


L(er,) L(e,r5) 


+ log m log n + o(log mlog n) , mn—~o , 
x 


by Livingston's result (4.38). Conversely, if g(u’,lgu,l) and 


g(l,v sl,v) are identically zero, and c(g) = l/s’ , then 


M{ | y sin su, sin tv, a(uy,visujovy) 1) = b/n® : 
i,j | 


| + ote ey 
Hence by (4.39) , ) 845 = ) g(uy,Visussv5) = 1, and as; #0 
for at most one combination (ij) . Hence the method is of Euler type. 


In addition, by following the above argument, it is equally 
easy to show that for the class of all positively monotonic weight functions, 
with only one of g(u*,lju,17) and eet tay) identically aren 
0<c(g) < 8/x* » and c(g) = B/x* if and only if the method is a product 
method of an Euler method and ordinary convergence for the one dimensional 


case. 


We summarize the results in a theorem, 


(4.41) Theorem 4 


Under the hypothesis of Theorem 3, 
L(m,n3g) = c(g) log m log n + o(log m log n) , mMmn7-o , 


where 0 < c(g) < (2/x)* Vig) , and 
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—e(g) = 3 (M(e(s,t)} += m(e,(s)) += M(e,(t)) + + eQptsi he). [Hs 
For the class of positively monotonic weight functions, v(g) = 1, so 
that 0 < c(g) < (2/x)* * and c(g) = (2/x)* if and only if the method 
is ordinary convergence. If, in addition, one of g(u*,lsu,1") , or 
g(l,v'3l",v) , is identically zero, then 0 < c(g) < 8/x* » and 

c(g) = S/d mae and only if the method is a product of ordinary convergence 
and an Euler method, If both g(u*,lju.,l-) and g(l,v‘jl",v) are 
identically zero, then 0 < c(g) < b/n* » and c(g) = b/nt if-and only 


if the method is of the Euler type. 
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APPENDIX 
§ 1, 


In this section, we give an elementary Gave lavment. of the theory 
of Hausdorff means for doutt eeauancsa? Proofs are provided only for 
those theorems for which we have no reference. In general, the theory 
is a logical extension of the corresponding theory in the one dimensional 


case, 


(A.1) Definition 


Let A= (a ) be a four dimensional matrix, and let 


mnk £ 
S = (sn? be a two dimensional matrix whose elements are the elements 


of the double sequence (snd - The two dimensional matrix 
(A.2) T = AS 9 


whose elements are the elements of the double sequence {tind » where 


(A.3) eae = annk f Sky r) m,n = Gel ey cee ) 


k =0 


is meaningful for every m,n , is a transformation of the double sequence 
{sn} + The matrix A is said to transform the double sequence is} 


into the double sequence {tnd : 
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(A.4) Definition 


The sequence oo is said to be summable by the matrix A 


to the sum t if (A.3) is meaningful for every m and n,_ and if 
lim t = t < o ’ 
m,n — 0 


where comvergence is in the sense of Pringsheim. 


(A.5) Definition 


The transformation (A.2) is said to be regular if every convergent 
sequence {s int is transformed into a convergent sequence {tnd ALP Fee 


ae is meaningful for every m,n, and if 


(A.6) lim. , kt lim s 
mn 


m,n — © k,i 7% 


kL * 


The transformation is said to be totally regular if, in addition, (A.6) 


holds whenever } diverges to positive or negative infinity. 


(San 


(A.7) Theorem 


Summability of bounded sequences {snd by the matrix 


A = (a ) is regular if and only if 
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To our knowledge, this theorem was first proved by Robinson [9]. 


(A.8) Definition 


The matrix op = (Oo nteg) » whose elements are defined by 


k+f ,™M,;n 
Pronk g oe (=1) (0) > k < m 3 4 Ss n 
= O otherwise 


is called a difference matrix. 


(A.9) Theorem 1 


The difference matrix op = Lay, is its own inverse: 


Proof 
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This completes the proof. 


(A.10) Definition 
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transformation matrix H = sup” is called a Hausdorff matrix corresponding 
to the sequence {und ° The sequence {sind is said to be summable to 
s in the Hausdorff sense corresponding to the sequence (uond » if the 


{tind » where 
T=HS , 


approaches s as m,n become: infinite. 


(A.11) Remark 


It is obvious that Hausdorff matrices are commutative. 


(A.12) Example 
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(A.13) Theorem 2 


A matrix A= (a ) is a Hausdorff matrix corresponding to 


mnk JZ 


the sequence {und if and only if its elements have the form 
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(A.14) Theorem 


The Hausdorff method of summability corresponding to the sequence 


{unt is regular if and only if 


a mn,2 
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where g(u,v) is of bounded variation in the sense of Hardy-Krause in 


the cell [1,130,0] and 
+ + 
g(u,c) = g(u,o) = g(o »v) = g(o,v) =O, O< u,v < Loe, 
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For a proof of this important result, the reader is referred to Hallenbach 


[5] and Adams [1] . 
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+ + 
g(u,o) ms g(u,o y= g(o ,v) = g(o,v) =k , O<u,v<l, 


then the method is regular for null sequences, If, in addition, 
g(1,1;0,0) = 1, the method is regular; and if g(u,v) is positively 


monotonic, the Hausdorff method is totally regular. See Hallenbach [5]. 
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Throughout this section, we assume that f(x,y) is periodic 
with period en in each variable, and is of bounded variation in the 
sense of Hardy-Krause in the period cell. We prove that he they the 
partial sums of the Fourier series nor the Hausdorff means of these sums, 
display the Gibbs phenomenon at a point of continuity of f(x,y) . We 
begin by stating a theorem, the proof of which is given by Hobson [6, 
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(A.18) Theorem 


If g(x,y) is periodic with period 2x im each variable, and 
is summable in the period cell, then the Fourier series corresponding to 


it converges at (x,y) , interior to the cell ([x,xj-x,-x], to the value 


‘ (e(x",y*) + (x*,y) + a(x yy") + e(x yy )) , 


provided that the function ) a(xss,yst) is bounded and can be expressed 


as the difference of two functions, each of which is monotone non-decreasing 
(or non-increasing) with respect to both s and t in some cross-neighbor- 


hood of the point (x,y) . 


(A.19) Remarks 


By a cross-meighborhood of the point (x,y) , we mean the set 
{(s,t)} , such that (s,t) € [x,xj-x,-n] , and for some 5>0, at 


least one of the conditions, |s-x|< 6, or |t-y|< &, is satisfied. 


In the proof, Hobson states (p. 700) that the function (at)ia 
- (sin s sin oe is bounded in the cell (x/2,x/230,0) . It is easy 


to show, however, that this error does not invalidate his result. 


A periodic function which is of bounded variation in the sense 
of Hardy-Krause satisfies the conditions of the theorem in (A.18) every- 
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(A.20) Corollary 


If, in addition to the above assumptions on f(x,y) , we 
assume that it is normalized, then the partial sums of the Fourier series 
of f£(x,y) converge to f(x,y) everywhere. In particular, the partial 
Breet hari eustr ev serics of £(x,y) converge to f(x,y) at every 


point of continuity f(x,y) . 


(A.21) Lemma 1 


Let (s,t) be a point of continuity of f(x,y) , and let 
Ss). hts%sy) be the kg-th partial sum of the Fourier series of f(x,y) . 
] 
Then for every €>0, there exists a positive integer p = p(e) , 


and an open neighborhood of (s,t) , U=U(e) , such that 
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for all (x,y) ¢U. and for all k,é>n. 


Proof 
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point (s,t) . Hence also for every arbitrary, positive integer q , 


the set 


a a 
k, 2 
k,£=pt+l 


is an open neighborhood of (s,t) . We assert that the set 


bn tapil, fet 


contains an open neighborhood of (s,t) . Assume the contrary. Then 
there exists a sequence of points, ((%,5y5)) » such that (x; 575) — (s,t) 
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f(x,y 5) as k,£—-0 . Hence at each of this set of points, we must 
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and this contradicts that f(x,y) is continuous at (s,t) . This proves 


the assertion. 
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12,9) 
Us » and by the continuity of f(x,y) at (s,t) choose a neighborhood, 
U,, of (s,t), such that |f(x,y) - f(s,t)| < €/3 whenever (x,y) € Us - 


Then 


U = U(e) = U, NU, 


is the required neighborhood, proving the theorem. For if (x,y) «eU, 


then for k,s>p, 
Is, g(f5%sy) = f(x,y) | 
S |8,, ,(£5%¥) = £(s,t) | mF |£(s,t) “4 £(x,y) | 


<26/7 + 6/8 = € 


(A.22) Corollary 1 


If D is a closed set of points in the period cell such that 
f(x,y) .is continuous at each point of D , then the Fourier series of 


f(x,y) converges to f(x,y) uniformly on D. 


Proof 


Let €>o be given, With each point (s,t) of D, associate 


a neighborhood U(e?s,t) , and a number p(egs,t) such that 
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is an open cover of the closed, hence compact, set D , and therefore 
contains a finite subcover, 
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whenever (x,y) ¢€D, and k,£>p. This proves the corollary. 


(A.23) Corollary 2 


The partial sums of the Fourier series of f(x,y) do not 


exhibit the Gibbs phenomenon at any point of continuity of f(x,y) . 


The known results from the one dimensional theory, together 
with Theorem 1 of Chapter 1, the remarks (1.15), and the above corollary 


now yield 


(A.24) Theorem 4 


Let f(x,y) be a normalized, periodic function of bounded 
variation in the sense of Hardy-Krause in the period cell. The partial 
sums of the Fourier series of f(x,y) will exhibit the Gibbs phenomenon 


at every point of discontinuity of f(x,y) , and only there. 
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Nest, we examine the regular Hausdorff means of the partial 
sums of the Fourier series of f(x,y) . As an immediate consequence of 


(A.18), we have 


(A.25) Theorem 5 


If g(x,y) is periodic with period 2x in each variable, and 
is summable in the period cell, then the regular Hausdorff means of the 
partial sums of the Fourier series corresponding to it converge at (x,y) , 


interior to the cell [nx,x:-x,-x] , to the value 
1 + + + ee on em 
y {e(x",y") + e(x",y ) + e(x ,y’) + e(x,y )} , 


provided that the function ; g(x+s,y+t) is bounded and can be expressed 


as the difference of two functions, each of which is monotone non-decreasing 
{or non-increasing) with respect to both s and t in some cross-neighbor- 


hood of the point (x,y) . 


(A.26) Corollary 


If, in addition to the earlier assumptions on f(x,y) , we 
assume that it is normalized, then the regular Hausdorff means of the 
partial sums of the Fourier series of f(x,y) converge to f(x,y) every- 
where, In particular, the regular Hausdorff means converge to f(x,y) 


at every point of continuity of f(x,y) . 
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theorem, and noting that f(x,y) is normalized. 


(A.27) Lemma 2 


Let (s,t) be a point of continuity of f(x,y) , and let 
hy p(£3%,y) be the k-th (regular) Hausdorff transform of the partial 
sums of the Fourier series of f(x,y) . Then for every €>0, there 
exists a positive integer p= p(e) , amd an open neighborhood of (s,t) , 


U = U(e) , such that 


ny, g(E5x,y) - £(x,y)| < € 


for all (x,y) <«€U , and forall “k)2Z'>°p*. 


Proof 


To prove the lemma, we observe that the k-th Hausdorff 
transform of the partial sums is a continuous function, and then proceed 
exactly as in the proof of Lemma 1, taking the corollary (A.26) into 


account, 


(A.28) Corollary 1 


If D is a closed set of points in the period cell such that 
f(x,y) is continuous at each point of D , then the regular Hausdorff 
means of the partial sums of the Fourier series of f(x,y) “converge to 


f(x,y) uniformly on D. 
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Proof 


The proof is again identical to the proof of the Corollary (A.22). 


(A.29) Corollary 2 
The regular Hausdorff means of the partial sums of the Fourier 
series of f(x,y) do not exhibit the Gibbs phenomenon at any point of 


continuity of f(x,y) . 
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